
bo
sc

or
el

li/
B

ig
st

oc
k.

co
m

What is the Laplace 
distribution? 
The Laplace (or double exponential) 
distribution, like the normal, has a 
distinguished history in statistics. It 
has applications in image and speech 
recognition, ocean engineering, 
hydrology, and finance. Its main 
characteristic is the way it models 
the probability of deviations from a 
central value, also known as errors. For 
example, consider several astronomers 
in different locations on Earth trying 
to measure the distance to a celestial 
object. Despite having the same 
goal, measurements will be different 
because of errors, which, without loss 
of generality, we will assume follow 
a normal distribution. Now, suppose 
we repeat the experiment multiple 
times. Each astronomer may produce 
observations with different spread. 
This is called heterogeneity, and its 
source can be attributed to the set of 
characteristics of both the observers 
and their instruments. In this situation, 
the Laplace distribution can provide a 
better model to describe observations of 
this kind than the normal distribution 
with common variance. This is because 
each observer-instrument would have 
its own variability.

The Laplace distribution can be 
derived via a so-called scale mixture 
of normals (see box). This means that 
each member of the population is 
assumed to produce an observation in 
a two-stage process. First, a random 
process determines to what degree each 
individual is potentially different from 
the others (individual variability that 
we may not be able to observe). Second, 
another random process produces 
an actual observation given the 
individual’s variability. In our example, 
a particular astronomer may be less 
trained than others, or a particular 
instrument may be less precise than 
others. This would result in higher 
variability among the observations, 
and, potentially, in large errors: often 
larger than those from a normal 
distribution, which assumes the same 
variance for the entire population. 

What does it look like?
The plot in Figure 1a depicts the Laplace 
probability density function centred at 
zero and, for comparison, the normal 
one. The former has a more pronounced 
peak around the central value, and 
much fatter tails, as detailed in Figures 
1b and 1c. To explain what these 
fatter tails mean, consider that the 

cumulative probability of the standard 
normal at 3 is approximately 99.9%, 
which justifies the common assertion 
that events 3 standard deviations or 
more above (or below) the mean are 
unlikely. However, the corresponding 
cumulative probability of the Laplace 
with the same median and variance is 
about 99.3%. Therefore the occurrence 
of an “extreme” event in a Laplace 
population is more than five times as 
likely as in a normal population.

Like the normal, the Laplace 
distribution has a location (μ) and a 
scale (σ) parameter (see box), but in 
contrast to the normal, the maximum 
likelihood estimates (MLEs) of these 
parameters are different. Under the 
normal distribution, the MLE of the 
location parameter is the sample mean, 
while the MLE of the scale parameter is 
based on the squared residuals. Under 
the Laplace distribution, however, the 
MLE of the location parameter is the 
sample median, while an estimate of 
the scale parameter is obtained through 
the absolute value of the residuals.1 The 
explanation of different MLEs follows 
from the form of the probability density, 
which is an exponential function of 
|y – μ| for the Laplace (see box) but 
(y – μ)2 for the normal. As a result, the 
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distribution

When studying the same object, different scientists and scientific instruments can produce widely divergent 
measurements. Marco Geraci and Mario Cortina Borja describe a probability distribution to model observations 
when heterogeneity and large errors are present
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estimation of the location and scale 
parameters of the Laplace is robust in 
the presence of large errors. Still, the 
location parameter retains the same 
interpretation in both distributions 
since both normal and Laplace are 
symmetric and centred about μ.

Who discovered it?
Pierre-Simon Laplace (1749–1827) 
discovered this distribution in 
1774.2 During Laplace’s time, a 
central problem in science was that 
of estimating μ according to the 
linear model Y = μ + σϵ, where ϵ 
denotes the error term. This problem 
was encountered, for example, in 
astronomy and geodesy, where μ 
represented the true value of a physical 
quantity (e.g. the ellipticity of the 
Earth, or the distance to the Moon) 
to be estimated from experimental 
observations. In 1911, Keynes discussed 
the relationship between the location 
parameter of the Laplace and the 
median of a random variable to answer 
the question, “If the most probable 
value of the quantity is equal to the 
median of the measurements, what is 
the law of error?”.3 In other words, the 
Laplace probability density function is 

maximised when μ is the median. In 
the past few years, the Laplace model 
has been revisited as its robustness 
properties make this distribution – and 
related distributions – desirable in 
many applied research areas.4 

When should it be used?
The Laplace model is useful in all 
situations when heterogeneity in 
the population is suspected and the 
observations show large errors. Some 
examples in air and sea navigation are 
discussed by Hsu,5 where it is crucial for 
modelling the distribution of position 
errors of aircraft or vessels obtained by 
pooling data from a complex navigation 
system. Also, an analogous situation 
in biomedical research arises when 
patients’ measures from a biological 
marker differ systematically according to 
unobserved (e.g., genetic) characteristics. 

Keep in mind…
There are different models for 
symmetric, unimodal distributions and 
it is not always straightforward to know 
which model should be preferred. 
Specific goodness-of-fit tests have 
been developed to assess how well the 
Laplace model conforms to the data.

Since the estimator of the location 
parameter of the Laplace distribution 
is the sample median, this distribution 
can be used to fit median regression 
models, a robust alternative to classical 
mean regression which is based on 
minimising sums of squares. Indeed, 
the asymmetric Laplace distribution,1 
which is a generalisation of the double 
exponential, is often employed in the 
estimation of quantile regression, 
which generalises median regression to 
other quantiles. n
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Location, scale, and “a mixture of normals”
We say that the random variable Y follows a Laplace distribution if its probability 
density can be written as

( ) 1
exp 2

2

 − µ
= −  σσ  

Y

y
f y

The location parameter μ corresponds to the mean, median and mode of the 
distribution, and the scale parameter σ to its standard deviation. There are several 
characterisations of the Laplace distribution by means of other probability models.1 An 
important representation is the so-called scale mixture of normal distributions, namely

= µ + σY W Z

where W is an exponential distribution with mean equal to 1 and Z is a standard 
normal distribution (i.e., with mean equal to 0 and standard deviation equal to 
1); also, W and Z are independent. One way of interpreting the equation above is 
as follows. Consider three instruments, each with a different degree of precision. 
This would correspond to a different value of W, for example, W1 = 1, W2 = 0.5, 
and W3 = 2. Then the distribution of the measurements from the first instrument 
would be normal with mean μ and variance equal to σ2. Measurements from the 
second and third instruments, too, would be normal with the same mean. However, 
their variances would be, respectively, half and twice the variance of the first. The 
three instruments would therefore generate heterogeneous observations which, 
collectively, follow the Laplace distribution. FIGURE 1 (a) Laplace and normal densities; (b) and (c) show the considerably 

thicker lower and upper tails, respectively.

A note about Notebook
This article is part of 
our regular series on 
statistical distributions. 
Which do you want 
to read about next? 
Send suggestions 
– or a submission 
of your own – to 
significance@rss.org.uk.
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